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Abstract 

Recently 4-point correlation functions of axion and dilaton fields in type 
IIB SUGRA on AdSs x were computed [|l|]. We reproduce from a CFT 
point of view all power law singular terms in these AdS 4-point amplitudes. 
We also calculate a corresponding 4-point function in the weak coupling 
limit, Oym-^ ~^ 0- Comparison reveals the existence of a primary operator 
that contributes to these same singular terms in the weak coupling limit 
but which does not contribute to the power law singular terms of the type 
IIB SUGRA 4-point functions. We conclude that this new operator is not a 
chiral primary and hence acquires a large anomalous dimension in the strong 
coupling regime. 
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1 Introduction 



The AdS/CFT correspondence relates string theories on anti-de Sitter space 
(AdSd+i) backgrounds to rf-dimensional conformal field theories (CFTs) ||, 
^, Q . One simple example of this correspondence, which is the only example 
treated in this paper, is type JIB string theory on AdS5 x and J\f = A, d = A 
SU(N) Super Yang Mills (SYM) theory. In the large N limit, with gyM^ 
held fixed and very large, the supergravity (SUGRA) approximation of type 
IIB string theory is valid, thus providing a perturbative way of understanding 
SYM theory at strong coupling. 

Correlation functions provide an important way of studying the corre- 
spondence. Calculations of 2- and 3-point functions have already provided 
evidence that the correspondence is correct [|, 0, ||, but 4-point functions, as 
their form is not completely fixed by conformal invariance, can provide more 
detailed information about the CFT at strong coupling. Previous studies 
of 4-point correlators which were peripherally useful in preparing this paper 
include 

Recently in for type IIB SUGRA on AdSs x S^ the first realistic 
4-point functions 

(0(X1)0(X2)0(X3)0(X4)), C(X2)C(X3)C(X4) ) , 

and 

were calculated.[| The operators (p and C correspond to the dilaton and 
axion supergravity fields. As was pointed out in [Q, the dilaton and axion 
fields correspond to the operators ~ Tr(F^ + . . .) and C ~ Tr{FF -|- . . .) 
in Ai^ = 4 SYM theory. We attempt to expand upon the results in by 
considering the corresponding CFT 4-point functions. 

To make contact with CFT, it is convenient to expand these AdS 4-point 
functions as a power series in x^g, 0:24, and X13 ■ 0:24 in the "direct" or t- 
channel limit |xi3|, |x24| ^ |a;i2|-Q The power law singular terms in this series 

^ These results were elaborated in where the original calculations were simplified 
and in ||l5|] where the logarithmic singularities were explained. 
^ Let 
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are identical for all three 4-point functions and come solely from graviton 
exchange. 

Because of the proposed AdS/CFT correspondence, we expect to be able 
to reconstruct the AdS 4-point amphtudes in terms of a double operator 
product expansion (OPE) in CFT. We express (j){x)(f){y) and C{x)C{y) in 
terms of their OPEs. Multiplying two such OPEs together and taking the 
2-point functions of operators in the expansion should recover the scattering 
amplitude. In the limit where l^isl and \x24\ are very small compared to 
1x12 1, we expect to be able to represent the 4-point amplitude schematically 
as 

where Op is some operator of dimension Ap. We have defined = (xj + 
Xj)/2. The expression is schematic because in general the operator Op may 
be a tensor. 

Because the leading order terms in the three 4-point functions come 
from graviton exchange and because of the proposed AdS/CFT correspon- 
dence, we expect and it was shown in |l|] that the leading order term in (|^) 
comes from the 2-point function of the energy momentum tensor with itself, 
(Tab(Xi3)Tcrf(X24)). In this paper, we go further and show precisely how, 
from a CFT point of view, all singular terms in the t-channel limit of the 
three 4-point functions arise from exchange of Tab and its descendants. We 
also investigate how the 4-point functions change as we move from strong to 
weak coupling. 

The work proceeds in four parts. First we look at the leading order 
singular terms in the AdS 4-point functions in the t-channel limit, the same 
terms that in the next section we will be able to compute using conformal 
invariance. In the third and fourth sections, we compute the equivalent 4- 
point function in the weak coupling limit of the CFT, which is essentially 
the case of electricity and magnetism, in order to try to understand how the 
4-point function changes as we move from strong to weak coupling. This 
investigation will reveal the existence of a new nonchiral primary operator 
in the weak limit which, if the AdS / CFT correspondence is to hold, acquires 
a large anomalous dimension as we move to strong coupling and hence does 
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not contribute to the AdS singular terms. 



2 AdS 4-point Functions 

It turns out that in the t-channel Umit, all three of the AdS 4-point functions 
calculated in ^ have the same singular power law terms. Moreover, the 
singular terms come only from t-channel graviton exchange. The singular 
terms in the amplitude are 



10 

s{7t'^ + Qt^) + s\-7 + 3t^) - 8s^] . (2) 



The variables s and t are conformally invariant functions of the x's: 

(3) 



^13^24 



•^12-^34 "T ■^14-^23 
2 2 2 2 

^ _ J-12J-34 ■^14-^23 

^2 ^2 I ^2 ^2 ^ ' 

•^12-^34 "T •^14-^23 

To make contact with (|l|), we can expand Jgrav in one of two ways. We 
can carry out an asymmetric expansion in powers of X12 or we can perform 
a symmetric expansion in powers oi w = (X13 — X24) . We consider only the 
symmetric expansion because terms odd in powers of w will not appear: 



,-yj2 ^2 



AW^ g{w, Xi3,X24) 



Xi3 ■ J{w) ■ X24 



^ _l_ 1 ^13 ■ 3;24 3^13 + 3^24 

4 w'^ Xi3 ■ J{w) ■ X24 



1 



5((W,Xi3,X24j 



In the above, Jij 



Sij — 2xiXj/x'^ is the Jacobian tensor of the conformal 



inversion x[ = Xi/x , and we have defined 



g[W, Xi3,X2i) 



1 + 



2w' 



:(Xi3 + X24) t((w ■ Xisf + {W ■ X24)^) + 



^13 + ^24 + '^^13^24 + 4(a;i3 " 3^24) ) 
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Armed with these expressions for s and t, we can expand Jgrav to the 
third nontrivial order in w, i.e. we consider terms of order w^" where n = 
8, 10, and 12. The amphtude can be written order by order as 



1 



' grav I gth 



24 



(5) 



1 



[ 



-6(a;i3 ■ J{w)- X24f [(xig ■ J{w) ■ X13) + {X24 ■ J{w)- X24)] + 

+ 2X13 ■ X24{xl^ + xl^){xi3 ■ J{w) ■ X24) + 
+2^13^24 ii^lS ■ J{w)- Xia) + {X2i ■ J{w)- X2i)] 



(6) 



1 



6(xi3 ■ J{w) ■ Xisfixis ■ J{w) ■ X2Af + 

-3x13 (xi3 • X2A){xii ■ J{w) ■ a;i3)(a;i3 ■ J{w) ■ X24) + 
--a;i3(a;i3 ■ J{w)- ^24)^ - ^a;i3a;24(xi3 ■ J{w) ■ x^)'^ + 



1 1 
+^(a;i3 • 2:24)^3 + -^^Is^ 



2 

24 



(a;i3 ^ 0:24) 



(7) 



- 

Vavll2th,sym= ^3.6^3.6^^12 



24 

+ Y(a:;i3 • Jiw) • X24)^ + 12(xi3 • J{w) • X24)^{xi3 ■ J{w) ■ X13)(X24 ' J{w) ■ X24) + 
3 

-2^13^24(3^13 ■ J{w)- 0:13) (a;24 • • 3:24) + 



3xi3 • a:24(a;i3 • J(ty) • X24) a:?3(a:;24 • J{w) ■ X24) + 2^24(^13 • J{w)- x^) 



+ 



-3(xi3 ■ J{w) ■ a;24)^(— a;?3^24 + (2^13 ■ a;24)^) + 

,22/ \2 I44 

+Xi3X24{Xi3 ■ X2i) — ^2:13X24 



(8) 
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The abbreviations sym and asym in the previous two equations symbohze 
that we have spht the twelfth order term into pieces with equal and unequal 
numbers of X13 and 0:24 respectively. As these two pieces come from different 
2-point functions in the double OPE this separation will be important. 
Note that the sf^, s^t^, and terms contribute only to the symmetric twelfth 
order term, (|]). 



3 A General CFT 

As is well known, conformal invariance alone does not completely specify the 
form of a 4-point function. For two pairs of scalars of dimension four, the 
most we can say is that 

{0'{x{)0{x2)0'{x,)0{x,)) = -^Fis,t) 

IS"'' 24 

where F is some unknown function of the conformally invariant variables s 
and t. If we know the primary operators that occur in the OPEs of OO and 
O'O' along with their coefficients, then we can specify F completely. As was 
shown in [Q, the assumption that Tab appears in the OPE reproduces the 
leading order term in the 4-point function in the t-channel limit, (^. We 
will show that this assumption actually reproduces all the terms in (|^). 

In the CFT literature, equations have been derived that describe the 
conformal block contribution, up to an overall normalization factor, of an 
arbitrary tensor primary operator exchanged in a 4-point interaction of four 
arbitrary scalars. We have tried unsuccessfully to use Eq. 3.15 of and 
suspect there may be some normalization problem. A similar equation can 



be found in but appears to be more difficult to apply and was discovered 
only after the following work had been completed. 

We shall use a brute force approach that has the advantage of showing us 
precisely how Tab and its descendants arise in the OPE of OO. Our approach 
is similar to methods for calculating 4-point functions that can be found in 



the CFT literature [18|. We may write the symmetric OPE schematically as 



2/ V 2 



5 



A 



.6 



TabiO) 




(0) + T^XiXjXkXiT^Jjf^iiO) + ... 



(9) 



where A is an overall constant and T^hlj and T^hlj^i are second and fourth 
order descendants of Tab- From conformal invariance, we know that the 
descendants can be expressed as derivatives of Tab- More specifically, we can 
write the second order descendant as 



and the fourth order descendant can be written correspondingly in terms of 
fourth order derivatives of Tab- Terms of odd order in x would be inconsistent 
with the symmetry of the expansion. 

As a warm up, we consider the contribution of Tab alone to the 4-point 
function. The leading nontrivial term in the OPE of two scalars is by as- 
sumption Tab and as Tab has dimension 4, the two point function of Tab with 
itself that appears inside the 4-point function must have a in the denomi- 
nator. In other words, the leading term in the power series F must be of the 
form as^ + (3st'^ + 7^^. 

In fact we can do better. From conformal invariance (see for example 
[p!9|l ), we know that the 2-point function of Tab with itself must be 

Cx 2 

{Tab{Xi)Tcd{x2)) = —[Jac{xi2)Jbd{Xi2) + J ad{x 12) Jbc{x 12) " -^^ab^cd]- (H) 

We can at this stage show agreement between the CFT and the AdS 4-point 
functions at leading order, as was done in [|l|. Using @ and (pA]), we see 
that (P agrees with the leading order term (|^) provided A^Ct = 2^/(57r^). 
Another way of understanding this calculation is to say that (|TT|) is consistent 
with F only if a = —(3 and if 7 = 0. Note that in F, terms odd in powers of t 
are not allowed as they are not consistent with the structure of the symmetric 
OPE of two scalars. Therefore, next order terms will be of the form s^, s^t^, 
sf^, and possibly t^- 

To proceed further in our calculation of the double OPE, note that one 
class of 2-point functions that need to be calculated involve Tab in one OPE 
with Tab and any of its descendants in the other OPE. We can obtain this 



Tibli^) = fJ'didjTabix) + udijOTabix), 



(10) 
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entire class easily from [|T9| or where the authors use conformal invari- 
ance to show that the 3-point function of two scalars with Tab niust take the 
form 



{Tab{Xl)0{x2)0{Xs)) 



^12^13^23 



tab{X'^ 



23) 



where 



and where 



tabiX) 



V X2 



>ab 



X23 — 


X21 




X21 






X23 = 


•^23 







X31 

X31 



In the above expression, a is an as yet undetermined constant, d is the 
dimension of space, and 77 is the dimension of O. To read off the 2-point 
functions of interest, we consider the limit X23 ~ 0, and we expand the three 
point function in the variables x = X23 and y = {xi2 + xi^)/2. In the case 
where d = 4 = rj, the resulting somewhat cumbersome expression for the 
3-point function is 



{TabiXi)Oix2)Oix3)) 



^,6^12 



1 + 



X 



jx ■ yf 

y' 



+ 



X 



IQy^ 



4(a; ■ yfyayb ~ x ■ y{2y^ + -x^){xayb + Xbya) + 

+(2/^ + ^a;V + T7^x^)xaXb + 
2 lb 

11 1 

--;Sabx'^{y^ + -x^y^ - {x ■ yf + —x^) 
4 / lb 



(12) 



Now the lowest order term in the above expression corresponds to the 2- 
point function of Tab with itself, which was discussed previously. As a check 
on the calculations so far, one may verify that (pH]) is completely consistent 
with the highest order term in ([l2|) if ACt = a/2. 

The second order term in ( p!2D corresponds to the 2-point function of Tab 
with the descendant operator T^-. One finds that up to permutations of the 
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indices (abij), the two point function takes the form 







+ -Sij{^acJbd + ^bdJac) + -^ab^cdJij 



(13) 



where all the J take x as an argument. Given the same condition on A and 
Ct as above, we have agreement between (|T2|) and the higher order term (|^) 
in the 4-point function. 

The third order term in (|12|) corresponds to the 2-point function of Tab 
with the descendant operator T'^^-f^^. We have indeed checked that this third 
order term agrees with the asymmetric term (0) in the 4-point function given 
the same conditions on A and Ct- 

Note that (|13D is consistent with (p|) only if = -1/28 and v = 1/28. 
Calculating the 2-point function of T^^^- with itself then becomes a simple 



matter of taking derivatives of (Pl) . We have checked that {Tabii'^cdli) agrees 



" abij cdkl I 

with the symmetric term (^) in the 4-point function. This calculation fixes 
the coefficients of st^, sH"^, and and also shows that does not appear in 
the singular terms. 

There are other types of expansions one could use to compare the AdS 
results with CFT. For example, one could have taken a limit in which only 
two scalars approach one another. Then, instead of 2-point functions, one 
considers the set of 3-point functions involving the two other scalars and the 
operators in the OPE of the two neighboring scalars. We have followed the 
lead of [Q and used the double OPE method. 



4 A/" = 4 SYM at Weak Coupling 

Conformal invariance implies that the coordinate dependence of the 2- and 
3-point functions in AdS/CFT correspondence does not change as we move 
from weak to strong coupling. In addition, nonrenormalization theorems 
are thought to keep the coefficients of 2- and 3-point correlation functions 
involving chiral primaries independent of coupling However, the coor- 
dinate dependence of 4-point functions can and does change as we vary the 
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coupling. Thus a calculation and comparison of 4-point functions in the two 
coupling regimes is likely to be a much more enlightening way of seeing how 
the theory changes as we move from weak to strong coupling. So far, we have 
only looked at the strong coupling regime. 

In this section, we begin a consideration of A/" = 4 SYM theory in the weak 
coupling limit which will culminate in the next section with a computation of 
the connected dilaton 4-point function at weak coupling to leading order in 
A = Qym^ ■ Essentially, this correlation function is equivalent to the 4-point 
function of F"^ in electricity and magnetism as the difference between the two 
only appears at subleading order in A. 

To be more specific, the dilaton and axion operators take the form ~ 
Tr(F2 + ...) and C ~ Tr{FF + . . As shown in in the case of the 
dilaton, the higher order terms will involve three or more of the operators 
F^^iXf, and e^'.g 

The 2-point function for Fab is: 

where Jah is as defined above and c ~ Qym is a constant. In general, the two 
point function of an operator with itself will contain these same Kronecker 
delta functions of the SU(N) indices. From this fact and Wick's Theorem, it 
is not difficult to see that the higher order terms in (f) and C involving three 
or more operators produce corrections to the correlation functions which are 
higher order in Qym^- From hereon, we suppress the SU(N) indices and 
consider only the leading order terms in and C. 

As described in the introduction, scattering in the t-channel limit can be 
represented in terms of a double OPE. Thus, first we express (f){x)(j){y) and 
C{x)C{y) in terms of their OPEs. It turns out that up to terms with no 
contractions, the dilaton and axion have the same OPE. We present first an 

^ To be completely precise, 

Fab — "^^abcdFcd • 

^k, I, . . . are SU(N) indices, a,b, . . . are spatial indices, and a, /3, . . . are spinor indices. 
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intermediate result: 



F\x)F\0) ~ FF{x)FF{0) 
48c^ 32cXaXb 



X" 



Facix)FUO) - -^SabF,dix)F,aiO) 



(15) 



This expression is reminiscent of the energy momentum tensor which takes 
the form 

Tab(x) 



1 



K[FacFbc-^6abF'']{x) 

where K another constant.^ Thus, the symmetric OPE of the dilaton and 
axion can be written as 



48c2 



x^ 



3 2 cx dXf) 
Kx^ 



T.,(0)--x,a;,(Ti'^.(0) 



+ 



(16) 



where the second order descendant T^^lj takes the same form as in (|10]) and 
we have found potentially a new primary with the complicated form 



where 



abij 



'^abiji^) 



.X 



--^didjTabix) 



^SiinTab(x)+T' 



28 



abij 



X 



(17) 



K 



{d,Fac){d,Fb,){x) - -6ab{d.F,,){d,F,a){x) 



Using Wick's Theorem, we have checked that the 2-point function of Pabij 
with Tab and with F^ is zero. In the next section, we will see from evaluating 
the dilaton 4-point function, that the 2-point function of Pabij with itself is 
nonzero, and therefore that Pabij does not vanish by the equations of motion. 
To show definitively that Pabij is a primary operator, it would be nice to 
demonstrate that it transforms appropriately under the conformal group and 
more specifically under inversion. Preliminary results suggest that Pabij does 
transform as a primary under inversion, but the full calculation is lengthy 



^ The constants in this section are related to those in the previous section by Ct 
2c^K^ and A = 32c/ K. 
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and has not been completed. From the index structure, it is clear that Pabij 
has spin four, and at least in the weak coupling regime, the dimension of this 
new primary operator is six. 

If the operator Pabij were a chiral primary, its dimension would be alge- 
braically protected, and the operator should contribute to the 4-point func- 
tions equally at weak and strong coupling. However, as we have seen, Pabij 
does not contribute to the leading singular terms at strong coupling and, 
as we will see in the next section, Pabij does contribute at weak coupling. 
Moreover, our new primary does not correspond to any of the known chiral 
primaries of dimension six. The logical conclusion is that Pabij is nonchiral 
and acquires a large anomalous dimension in the strong coupling regime: 
That there seem to be no nonchiral fields on AdS space with a mass below 
the string scale suggests that our nonchiral primary has a dimension which 
grows at least as fast as {gyM^Y^^ the strong coupling limit, gyM^ ~^ ^ 



5 The Dilaton 4-point Function in the Weak 
Couphng Limit of SYM 

We calculate the four dilaton amplitude in the weak coupling limit of A/" = 
4,d = 4 SYM theory, which as noted in the previous section, is essentially 
equivalent, at leading order in (yfy^iV, to the 4-point function of of elec- 
tricity and magnetism, i.e. 

M4 = {F\xi)F\x2)F\x;)F\x^)). 

Let 

W^1324 = {Fab{Xi)Fcd{x^)){Fcd{x^)Fef{x2)){Fef{x2)Fgh{Xi)){Fgh{XA)Fab{Xi)) 

and let 

24c2 

W12 = {Fab{Xl)F,d{x2)){F,d{x2)Fab{Xl)) = . 

Then 



M4 = 16(1^1234 + W^1324 + W^1342) + 4(1^12^^34 + ^^13^^24 + W^W, 



23) 
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The terms containing Wab do not concern us as they describe the disconnected 
pieces of the 4-point function. Note that by definition Wabcd = ^adcb- We 
proceed with a calculation of the amplitude Wis2d- If we define 

Aab = Jac{xi3)Jce{x23)Jeg{x24)Jgb{xu), 

then the amplitude takes the form 

^1324 - . . . . [{trAf-trA^ 

•^13-^24"''23"''14 

Let Aj be the four eigenvalues of A. Clearly 

Ch{A) = {trAf - tiA^ = 2 ^ A^,-. 

i<j 

A brief consideration of Ch{A) reveals that it is invariant under the conformal 
group. In particular, we consider the case in which we use a translation to 
set ^3 = and then an inversion to send it off to infinity. In this case, 

Jac{xi3)Jce{x23) = (^ae + 0{\x3\''^). 

If we then choose a basis in which 0:24 = (a, 0, 0, 0) and X14 = (6sin0, 6cos0, 0, 0), 
the matrix A becomes effectively two dimensional: Two of the A^ equal one, 
and the remaining two can be obtained by diagonalizing the matrix 

/ —cos 20 —sin 20 \ 
\^ sin 20 — cos 20 J 

giving A± = — exp(±20i). Hence 

Ch{A) =4(-l+4sin0). 

As Ch{A) is invariant under the conformal group, it must be expressible 
as a function of s and t. In the limit 2:3 ^ 00 

1 



2 X12 ~l~ -2^14 

/y»2 /y*2 

•^12 -^U 
X12 ^ -^14 
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It is now a straightforward matter to express Ch{A) in terms of s and t: 

Ch(A) = , ^ + t^- 3st + 4s^). 

s{l-t) 

Indeed, Mathematica was used to verify that this expression is correct. It 
follows immediately that 

_ 2V g(-g + - 3gt + 4g^) 

Repeating the calculation for the other two Wabcd, we obtain the connected 
4-point function 

43^4 (1 - 

+2^/(3 - 16s + + 16s^)]. 



As one can see, the leading order terms and st"^ are in agreement with (Q). 
However, the coefficients of the higher order terms are quite different from 
those in (0), thus demonstrating that a new primary, or primaries, appear at 
this level, as we indeed saw in the previous section. 

6 Discussion, Conclusions, and Ideas for Fu- 
ture Work 

We have successfully reproduced all of the singular terms in the four dilaton, 
four axion, and two dilaton-two axion 4-point functions calculated in using 
only the assumptions of conformal invariance and the presence of Tab in the 
OPE of two scalars. Moreover, we have developed a better understanding 
of the structure of the descendants of Tab in this OPE. Comparison of this 
strongly coupled result to the weakly coupled limit revealed the presence of a 



nonchiral primary Pabcd (see equation [T^) • At weak coupling, this nonchiral 



primary has spin four and dimension six. However, this primary is believed to 
have an anomalous dimension which grows at least as fast as (gyj^Ny^'^, thus 
effectively disappearing as an exchanged operator in the 4-point functions 
calculated by 
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Some lines of inquiry remain open. It would be nice to know the exact 
form of Tj^hcdef^ knowing this form would allow the work done here to 
be extended to the order n = 16, the first order in the strongly coupled 
4-point functions calculated by [0] where new chiral primaries are expected 
to appear. The difference between the conformal block contribution of Tab 
and the correlation functions as calculated by |]l[ would then presumably 
give us some insight as to the precise nature of these additional operators, 
allowing, perhaps, a better understanding of the logarithms that appear in 
these 4-point functions. 

The present method of calculating descendants order by order becomes 
extremely cumbersome to apply at higher order, so a more efficient approach 
may be to use variants of equations given in |TB[ and [|T^. Although, as was 
mentioned above, we have had trouble using Eq. 3.15 of |jl6[ directly, we do 



have a guess as to how to modify the equation, and the modified version 
matches the AdS results in a way we would expect. 

Note Added for Publication 

A year has elapsed between the writing of this paper and its submission 
for publication. During the interim several papers have appeared which use 
results derived here and which answer some of the questions raised in this 
paper. For example, in more explicit formulae for the conformal block 



contribution of higher spin operators to scalar four point functions were de- 
rived. These results hopefully clarify the confusion in this paper concerning 



the work of |]T6|. Another important work is where, using some results 
derived here, the program suggested in the conclusion of this paper was suc- 
cessfully carried out. 

Appendix 

Here are some useful identities involving the tensor 

'Jab[X) = Oah 5 — • 
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In what follows, the argument of Jab will be x. First, here are some elemen- 
tary properties of the tensor: 



JabJbc ^ac i Jaa 2 , X^Jab -^b ■ 

Next, here are some trivial index rearrangements: 

■^iJab -^bJia ~l~ -^i^ab -^b^ia j 
JcdJij JicJ jd ^ijJcd ~l~ ^cdJij ^icJjd ^jdJic ~l~ ^ic^jd ^cd^ij ■ 

Finally, here are some derivatives of Jij: 

2 

2 

dndmJij ~^i^JmnJij '^^ijJmn ^mnJij 
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